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Abstract
In this paper, we prove a topological ﬁnite determinacy theorem for a generic family of CN
vector ﬁelds at a dicritical singularity in any dimension.
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
Consider a CN vector ﬁeld X with an isolated singularity at 0ARn: Suppose that
its Taylor development at 0ARn; is
X ¼
XN
j¼k
Xj; kX1;
where Xkc0; Xj ¼ ðQ1j ;y; Qnj Þ and the Qij; i ¼ 1;y; n; are homogeneous poly-
nomials of degree j:
The singularity 0ARn (of X ) is called dicritical if XkðxÞ ¼ Qk1ðxÞ  x; where
Qk1ðxÞ is a homogeneous function of degree k  1; i.e., when Xk is a multiple of the
radial vector ﬁeld RðxÞ ¼ x: The trajectories of the vector ﬁeld X deﬁne a one-
dimensional foliation F
ð0Þ
X : The geometry of such a foliation can be best seen if we
perform a blow-up at 0ARn; deﬁned as a triple ðMð1Þ; pð1Þ;RnÞ where Mð1Þ is a
manifold covered by n charts with coordinates ðtðiÞ1 ; tðiÞ2 ;y; tðiÞn ÞAUi ¼ Rn; i ¼
1; 2;y; n; glued according to the identiﬁcations for each pair ði; jÞ; iaj:
t
ð jÞ
l  tðiÞj ¼ tðiÞl if lai;
t
ð jÞ
i  tðiÞj ¼ 1:
8<
: ð1:1Þ
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Moreover, there is a map pð1Þ : Mð1Þ-Rn; given in the ith system of coordinates by
pð1ÞðtðiÞ1 ;y; tðiÞn Þ ¼ ðx1;y; xnÞ; where
xi ¼ tðiÞi ;
xl ¼ tðiÞl  tðiÞi ; lai:
(
ð1:2Þ
The divisor of the blow-up is the set Dð1Þ ¼ ðtðnÞn ¼ 0Þ ¼ ðtðiÞi ¼ 0Þ: The map
pð1Þ : Mð1Þ\Dð1Þ-Rn\f0g is a diffeomorphism. The blow-up of X ; is the one-
dimensional foliation F
ð1Þ
X deﬁned on a neighborhood of D
ð1Þ in Mð1Þ; obtained by
pulling back the trajectories of X near 0ARn: Dicritical singularities are
characterized by the fact that F
ð1Þ
X is transverse to the divisor D
ð1Þ at some point.
This implies thatF
ð1Þ
X is almost everywhere transverse to D
ð1Þ: Indeed, let us call %XðnÞ
the expression ofF
ð1Þ
X in the coordinates ðt1;y; tnÞ ¼ ðtðnÞ1 ;y; tðnÞn Þ in Un ; this vector
ﬁeld %XðnÞ is obtained from the expression of X by substitution of (1.2) and after
division by tkn we have
%XðnÞ ¼
’ti ¼ Qikþ1ðt1; t2;y; tn1; 1Þ  tiQnkþ1ðt1; t2;y; tn1; 1Þ
þtnðQikþ2ðt1; t2;y; tn1; 1Þ  tiQnkþ2ðt1; t2;y; tn1; 1ÞÞ þ?
for i ¼ 1; 2;y; n  1;
’tn ¼ Qnkðt1; t2;y; tn1; 1Þ þ tnQnkþ1ðt1; t2;y; tn1Þ þ?
8>><
>>:
:
Similarly, we can deﬁne %Xð jÞ; j ¼ 1;y; n  1:
From this expression, it follows easily that F
ð1Þ
X is transverse to D
ð1Þ at some
point if and only if 0ARn is a dicritical singularity. In order to simplify notations let
us call
’ti ¼
XN
j¼kþ1
%Qij;
’tn ¼
XN
j¼k
%Qnj ; ð1:3Þ
where %Qij ¼ t jk1n ½Qijðt1;y; tn1; 1Þ  tiQnj ðt1;y; tn1; 1Þ and %Qnj ¼
t jkn Q
n
j ðt1;y; tn1; 1Þ:
In this paper, we prove a topological ﬁnite determinacy theorem for a generic
family of germs of CN vector ﬁelds at a dicritical singularity. We denote by Dk the
space of CN vector ﬁelds with a dicritical singularity at 0ARn; and ﬁrst nonzero jet at
0ARn of order kX1: We also consider for every kX1 the subset Xk;tCDk of vector
ﬁelds X whose set of tangencies TX of the foliation F
ð1Þ
X with the divisor is a
submanifold of codimension 2 and at each point pATX such that
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pAUj; 1pjpn; %Xð jÞ satisﬁes the t-condition (see Section 2). We also have the set
XkCXk;tCDk; kX1 of vector ﬁelds X such that
(1) any singularity of %XðiÞ; i ¼ 1;y; n; is hyperbolic with nonzero eigenvalues
l1ol2o?oln such that li40 for iX2
ðor lio0 for ipn  1Þ;
(2) the stable and unstable manifolds of %XðiÞ; i ¼ 1;y; n; intersect transversely
the divisor Dð1Þ of the blow-up.
Considering the CN topology for these spaces of vector ﬁelds, we prove in Section 2
that:
Theorem 1. The subset Xk;tCDk is dense.
Theorem 2. The subset XkCDk is open.
Given XAXk; the local behavior of %XðiÞ around regular points in TX was studied in
[4,5]; in Section 2 we prove that, generically TX is a compact nonsingular manifold of
codimension 2; in Section 3 we study the local behavior of %XðiÞ around its singular
points and in Section 4 we prove
Theorem 3. Any XAXk is topologicaly equivalent to Y ¼ Xk þ Xkþ1 þ Xkþ2; near
0ARn:
Indeed, X and Y are inﬁnitesimally equivalent in the sense that their blow-ups F
ð1Þ
X
and F
ð1Þ
Y are equivalent by a divisor preserving homeomorphism. The above
theorem is a generalization of Theorem 3 proved in [2].
As Theorem 3 is quite technical, we proceed to give a sketch of the proof in order
to orient the reader. Take XAXk and let F
ð1Þ
X be the foliation, deﬁned on a
neighborhood of Dð1Þ in Mð1Þ; obtained by blowing up X at 0AR3: In order to
simplify the notation we write %X ¼Fð1ÞX : For any pADð1Þ; nonsingular point of %X; let
Lp be its %X-orbit. If Lp is transverse to D
ð1Þ we say that Lp has order of tangency 0
with Dð1Þ and write G0ðXÞ to denote the subset of points of Dð1Þ with tangency 0 with
Dð1Þ: Similarly, GkðXÞ will denote the subset of points pADð1Þ such that Lp has order
of tangency k with Dð1Þ: We will see in Section 2 that, 1pkpn  1; and
that GkðXÞ*Gkþ1ðXÞ: If we write GNðXÞ to denote the set of singular points of %X
we will have
Dð1Þ ¼ G0ðXÞ,?,Gn1ðXÞ,GNðXÞ
a disjoint union.
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The case where GNðXÞ ¼ | was treated completely by Percell [4] and
Sotomayor [5]. Essentially, it follows from their work that, in this case, for a
vector ﬁeld Y close enough to X ; the induced vector ﬁeld %Y is topologically
equivalent to %X:
Here we treat the case where GNðX Þa|: Suppose GNðXÞ ¼ fp1;y; pmg a set of
hyperbolic singularities; for each pi; i ¼ 1;y; m; we have piAG1CG0 and pieGj
for jX2:
Our problem is therefore to construct topological equivalences around these
singularities in a coherent way with the arguments of Percell and Sotomayor, in
particular preserving the set of tangency points G1ðX Þ (equivalently TX ) near each
point pi: The idea is then to perform a blow-up at each singularity pi; i ¼ 1;y; m;
in order to displace TX from these singularities. This blow-up pð2Þ : Mð2Þ-Mð1Þ has
a divisor Dð2Þ ¼ pð2Þ1ðDð1ÞÞ ¼ Dð1Þ,ðSmj¼1 PjÞ; where Pj is the divisor of the blow up
at pj: The foliationLX ¼ pð2ÞFð1ÞX leaves invariant each Pj and it is a Morse–Smale
foliation in a neighborhood of each Pj: Moreover, the foliation LX is transverse to
Dð1Þ except along the submanifold pð2Þ
1ðTX Þ: The essential point here is that now
pð2Þ
1ðTX Þ is a codimension two submanifold that crosses the Pj transversely along
regular points of LX ; i.e., pð2Þ
1ðTX Þ-Pj consist only of regular points of LX ; for
each j ¼ 1;y; m: Moreover, the restrictionsLX jPj are determined only by the linear
part of F
ð1Þ
X at pj:
The question is then reduced to show that for a vector ﬁeld Y close enough to X
the foliation LY is topologically equivalent to LX near each Pj by a home-
omorphism that preserves Dð1Þ and that sends pð2Þ
1ðTX Þ onto pð2Þ1ðTY Þ: This is
achieved by using the method of invariant ﬁbrations associated to the Morse–Smale
foliations LX and LY [3]. It is observed that these ﬁbrations can be constructed
in a natural way as to preserve the submanifolds pð2Þ
1ðTX ÞCDð1Þ; which at
the end will imply that they are sent by the conjugacy to the submanifolds
pð2Þ
1ðTY ÞCDð1Þ:
2. The set of tangencies at regular points of F
ð1Þ
X
2.1. The intersection index and the order of tangency
Take XADk; then
X ¼
Xn
i¼1
Qik þ
X
jXkþ1
Qij
 !
@
@xi
¼
Xn
i¼1
Qk1xi þ
X
jXkþ1
Qij
 !
@
@xi
;
where Qk1 is a homogeneous polynomial of degree k  1; take pADð1Þ; a regular
point of the foliationF
ð1Þ
X ; and let Lp be a leaf ofF
ð1Þ
X through p: Since D
ð1Þ and Lp
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are CN submanifolds on Un of complementary dimensions and pADð1Þ-Lp; we can
deﬁne the intersection index ipðDð1Þ; LpÞ of the leaf Lp with the divisor Dð1Þ at the
point p: The leaf Lp can be locally parametrized by a C
N function a ¼ ða1;y; anÞ :
ðDe; 0Þ-ðLp; pÞ; where De ¼ ftAR : jtjoeg; and such that
að0Þ ¼ p;
a0ðtÞ ¼ %XðaðtÞÞ i:e:; ai 0ðtÞ ¼
PN
j¼k
%QijðaðtÞÞ
81pipn; 8tADe:
8>><
>>:
ð2:1Þ
Since Dð1Þ ¼ ftn ¼ 0g; we deﬁne
ipðDð1Þ; LpÞ ¼ ord0ðanÞ
i.e., ipðDð1Þ; LpÞ ¼ m3anðtÞ ¼ tmxðtÞ; where xn is a CN function and xnð0Þa0: The
above deﬁnition is independent of the choice of the CN function a and
ipðDð1Þ; LpÞX1 for any pADð1Þ:
Another equivalent deﬁnition of the intersection index we can see in [4]. In fact, if
pADð1Þ-Un we know that it is always possible to ﬁnd a CN function b on Un such
that locally
ðaÞ b1ð0ÞCDð1Þ;
ðbÞ 0AR is a regular value of b:
(
ð2:2Þ
For simplicity, we write %X ¼ %XðnÞ: Then given %X ¼Pni¼1 PNj¼k %Qij @@ti; we deﬁne
%X0b ¼ b; %Xb ¼
Xn
i¼1
XN
j¼k
%Qij
@b
@ti
and %X jþ1b ð jX1Þ is deﬁned inductively by %Xð %X jbÞ:
Deﬁnition 1. Let b be a function satisfying (2.2) and suppose XADk: For jAN deﬁne
the jth order tangent set, Gjð %XÞ; to be the set of pADð1Þ such that
bðpÞ ¼ ð %XbÞðpÞ ¼? ¼ ð %X jbÞðpÞ ¼ 0 and ð %X jþ1bðpÞÞa0:
The sets Gjð %XÞ are independent of the choice of the function b satisfying (2.2). The
following result justiﬁes calling the set Gjð %XÞ the jth order tangent set.
Proposition 1. With the above notations, we have that
pAGjð %XÞ3ipðDð1Þ; LpÞ ¼ j þ 1:
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Proof. In the chart of Un such that pð1Þðt1;y; tnÞ ¼ ðt1tn;y; tn1tn; tnÞ; the divisor is
given by Dð1Þ ¼ ftn ¼ 0g; therefore, we can deﬁne b as bðt1;y; tnÞ ¼ tn: We proceed
to prove by induction on j: Let pADð1Þ and Lp be the leaf of F
ð1Þ
X through p; for a
deﬁned as (2.1) we can suppose by induction that að jÞn ðtÞ ¼ ð %X jbÞðaðtÞÞ then
að jþ1Þn ðtÞ ¼
Xn
i¼1
@ð %X jbÞ
@ti
ðaðtÞÞai 0ðtÞ ¼
Xn
i¼1
@ð %X jbÞ
@ti
ðaðtÞÞ
XN
j¼k
%QijðaðtÞÞ
¼ ð %X jþ1bÞðaðtÞÞ:
We conclude that að jÞn ð0Þ ¼ ð %X jbÞðpÞ; 8jAN: Therefore,
pAGjð %XÞ3 ð %XibÞðpÞ ¼ 0 ð0pipjÞ and ð %X jþ1bÞðpÞa0
3 aðiÞn ð0Þ ¼ 0 ð0pipjÞ and að jþ1Þn ð0Þa0
3 ipðDð1Þ; LpÞ ¼ j þ 1: &
The sets Gjð %XÞ are disjoint subsets of Dð1Þ and if %X has no singularities, then their
union is equal to Dð1Þ: Observe that given pADð1Þ then, an0ð0Þ ¼ Qk1ðpÞ: Therefore
ipðDð1Þ; LpÞ ¼ 13pADð1Þ\TX3Lp is transverse to Dð1Þ: We conclude that G0ð %XÞ ¼
Dð1Þ\TX :
We deﬁne algebraic hypersurfaces SðiÞ; iX1; by
SðiÞ ¼ fpADð1Þ : %Xiþ1bðpÞ ¼ 0g:
Clearly, Sð0Þ ¼ TX :
Corollary 1. For any XADk; we have
Gjð %XÞ ¼
\j1
i¼0
SðiÞ
 !
\Sð jÞ; 8 jX1:
2.2. Local structure around points at the divisor
Let b be a function satisfying (2.2); for every integer 2pspn; we deﬁne the maps
Fs ¼ ðb; %Xb;y; %Xs1bÞ : Rn-Rs:
Deﬁnition 2. We say that XADk satisﬁes the t-condition if Fn has 0ARn as a regular
value.
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Remark 1. If XADk satisﬁes the t-condition then Gjð %XÞ ¼ |; for any jXn: In
what follows we show a characterization of the t-condition in terms of the
hypersurfaces SðiÞ:
Proposition 2. Suppose XADk:
(i) 0AR2 is a regular value of F2 ¼ ðb; %XbÞ : Rn-R2 if and only if Sð0Þ has no
singular points.
(ii) 0ARs is a regular value of Fs ¼ ðb; %Xb;y; %Xs1bÞ : Rn-Rs; ð3pspnÞ
if and only if the intersection among the surfaces Sð0Þ; Sð1Þ;y; Sðs2Þ is
transversal.
Proof. By the deﬁnition of SðiÞ we deduce that
F1s ð0Þ ¼ Sð0Þ-Sð1Þ-?-Sðs2Þ; 8sX2:
(i) Observe that as bðt1;y; tnÞ ¼ tn and %X ¼
Pn
i¼1
PN
j¼k %Q
i
j
@
@tn
; then
%Xb ¼
Xn
i¼1
XN
j¼k
%Qij
@b
@tn
¼ Qk1ðt1;y; tn1; 1Þ þ tnQnkþ1ðt1;y; tn1; 1Þ þ?
so we conclude that %XbjDð1Þ ¼ Qk1ðt1;y; tn1; 1Þ:
It follows that 0AR2 is a regular value of F2 ¼ ðb; %XbÞ : Rn-R2; if and only
if the matrix
DF2ðpÞ ¼
0 ? 0 1
@ð %XbÞ
@t1
? @ð
%XbÞ
@tn1
@ð %XbÞ
@tn
 !
ðpÞ
has maximum rank for all pAF12 ð0Þ ¼ Sð0Þ; if and only if
@ð %XbÞ
@t1
;y;
@ð %XbÞ
@tn1
 
ðpÞað0;y; 0Þ; 8pAF12 ð0Þ ¼ Sð0Þ
if and only if Sð0Þ has no singular points.
(ii) Let s be a ﬁxed positive integer such that 3pspn; we have that 0ARs is a
regular value of Fs ¼ ðb; %Xb;y; %Xs1bÞ : Rn-Rs; if and only if the matrix
DFsðpÞ ¼
o ? 0 1
@ð %XbÞ
@t1
? @ð
%XbÞ
@tn1
@ð %XbÞ
@tn
^ ? ^ ^
@ð %Xs1bÞ
@t1
? @ð
%Xs1bÞ
@tn1
@ð %Xs1bÞ
@tn
0
BBBB@
1
CCCCAðpÞ
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has maximum rank for any pAF1s ð0Þ; if and only if the vectors
@ð %X jbÞ
@t1
;y;
@ð %X jbÞ
@tn1
 
ðpÞ
 s1
j¼1
are linearly independent for any pAF1s ð0Þ; if and only if Sð0Þ; Sð1Þ;y; Sðs2Þ
have transverse intersection for any pAF1s ð0Þ: &
Proposition 3. XADk satisfies the t-condition if and only if Sð0Þ has no singular points
and Sð j2Þ is transverse to Sð0Þ-Sð1Þ?-Sð j3Þ; 83pjpn:
Proof. It is a corollary of Proposition 2 and the deﬁnition of the t-condition. &
Proposition 4. Generically, the hypersurfaces Sð0Þ; Sð1Þ;y; Sð jÞ; 0pjpn  2 are
nonsingular.
Proof. As we know, the surfaces Sð0Þ; Sð1Þ;y; Sð jÞ; are algebraic, compact and
given by
Sði1Þ ¼ fpADð1Þ : %XibðpÞ ¼ 0g; 1pipj þ 1:
So we will prove the proposition considering a polynomial surface deﬁned by
f ðt1;y; tnÞ ¼ %XibðpÞ ¼ 0; p ¼ ½t1 :? : tnADð1Þ:
We remark that perturbations will be done for XADk but the results obtained here
are for %X: Without loss of generality we can suppose that
Tn
l¼1 f@f@tlðpÞ ¼ 0g is a
discrete, compact set. So there exists lAR; la0; jlj small enough, such that:
(i) The surface f ðt1;y; tnÞ  l ¼ 0 is nonsingular.
(ii) The surfaces f ðt1;y; tnÞ ¼ 0 and f ðt1;y; tnÞ  l ¼ 0 are close in the CN
topology.
For instance, consider Sð0Þ ¼ %XbðpÞ ¼ 0: Take jlj small enough, and deﬁne
Xl ¼
Xn1
l¼1
XN
j¼k
Qlj
@
@xl
þ
XN
j¼k
Qnj  lxkn
 !" #
@
@xn
:
It is easy to see that
%XlbðpÞ ¼ Qk1ðt1;y; tn1; 1Þ  l ¼ %XbðpÞ  l:
This means that S
ð0Þ
l ¼ %XlbðpÞ is a nonsingular surface, as we have proved above,
and close enough to Sð0Þ: For the other surfaces Sð1Þ;y; Sð jÞ; we proceed
analogously. This ﬁnishes the proof of Proposition 4. &
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Proposition 5. Generically, the intersection among the hypersurfaces
Sð0Þ; Sð1Þ;y; Sð jÞ; 0pjpn  2 is transversal.
Proof. Proposition 5 will be proved by induction on n: We start with the proof that
generically the intersection between Sð0Þ and Sð1Þ is transversal. By deﬁnition, given
%X ¼Pni¼1 PNj¼k %Qij @@ti; then
Sð0Þ ¼ fpADð1Þ : %XbðpÞ ¼ 0g ¼ fpADð1Þ : Qk1 ¼ 0g;
Sð1Þ ¼ fpADð1Þ : %X2bðpÞ ¼ 0g ¼ pADð1Þ :
Xn
i¼1
XN
j¼k
%Qij
@Qk1
@ti
¼ 0
( )
:
Sð0Þ and Sð1Þ are compact surfaces of codimension 1 in Dð1Þ: We also can suppose by
Proposition 4, that Sð0Þ and Sð1Þ have no singular points. Now we consider the
intersection jð1Þ ¼ Sð0Þ-Sð1Þ which is also a compact set in Dð1Þ: We remark that
here, the perturbations will be done in order to preserve the same tangent set Sð0Þ;
which is a nonsingular surface.
Suppose that Sð0Þ is not transverse to Sð1Þ; along jð1Þ: Take pAjð1Þ; using a local
chart of Dð1Þ at p; we can suppose without loss of generality, that
p ¼ ð0;y; 0ÞADð1Þ; Dð %XbÞðpÞ ¼ ð1; 0;y; 0Þ and Dð %X2bÞðpÞ ¼ ðl; 0;y; 0Þ:
If Xe1 ¼ X þ e1x2xkn @@x1 then %Xe1 ¼ %X þ e1t2 @@t1:
Observe that %Xe1b ¼ %Xb and %X2e1b ¼ %X2bþ e1t2
@ð %XbÞ
@t1
: The intersection now is jð1Þe1 ¼
Sð0Þ-Sð1Þe1 but still jð1Þe1 pass through p; Sð0Þ is the same original surface,
Dð %Xe1bÞðpÞ ¼ ð1; 0;y; 0Þ
and
Dð %X2e1bÞðpÞ ¼ Dð %X2bÞðpÞ þ e1
@ð %XbÞ
@t1
ðpÞ @
@t2
¼ ðl; e1;y; 0Þ:
This means that along Vpjjð1Þe1 ; neighborhood of p restricted to j
ð1Þ
e1 ; the vector ﬁelds
Dð %Xe1bÞ and Dð %X2e1bÞ are linearly independent. As j
ð1Þ
e1 is a compact set then we use a
ﬁnite number of such analogous perturbations in order to have that Sð0Þ is transverse
to S
ð1Þ
e1 :
Let us suppose by induction that the intersection Sð0Þ-Sð1Þ-?-Sð j1Þ; jpn  2
is transversal. Consider now the nonsingular surface Sð jÞ: If Sð jÞ is not transverse
with Sð0Þ-?-Sð j1Þ along the compact set
jð jÞ ¼ Sð0Þ-?-Sð j1Þ-Sð jÞ; then Dð %X jþ1bÞðpÞ ¼
Xj
i¼1
aiDð %XibÞðpÞ;
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where aiAR and pAjð jÞ; we can suppose that
p ¼ ð0;y; 0ÞADð1Þ; Dð %XibÞðpÞ ¼ ðai1;y; aij; 0;y; 0Þ; 1pipj
%Q1jþ1ðpÞa0 and
@ %QnkðpÞ
@tj
a0:
Consider Xej ¼ X þ ejx jjþ1xkþ1jn @@xj then %Xej ¼ %X þ ej t
j
jþ1
@
@tj
:
Observe that %Xejb ¼ %Xb; %X2ejb ¼ %X2bþ ej t
j
jþ1
@ð %Qn
k
Þ
@tj
and %Xnejb ¼ %Xnbþ
ej t
ð jþ1Þðn2Þ
jþ1 C
jþ1
n þ j!ðn2Þ!ej %Q jðn2Þjþ1 t jðn2Þjþ1
@ %Qn
k
@tj
; 3pnpj þ 1; the functions C jþ1n are
CN: The intersection now is jð jÞej ¼ Sð0Þ-Sð1Þej -?-Sð jÞej ; but still jð jÞej pass through
p; we also have that
Dð %XnejbÞðpÞ ¼ Dð %XnbÞðpÞ ð1pnpjÞ
and
Dð %X jþ1ej bÞðpÞ ¼ Dð %X jþ1bÞðpÞ þ jej %Q1jþ1ðpÞ
@ %QnkðpÞ
@tj
@
@tjþ1
:
This means that, in Vpjjð jÞej ; neighborhood of pAj
ð jÞ
ej ; the vector ﬁelds fDð %XiejbÞg
jþ1
i¼1
are linearly independent. As jð jÞej is a compact set then we use a ﬁnite number of such
analogous perturbations in order to have that the intersection among Sð0Þ;y; Sð jÞ is
transversal. This ﬁnishes the proof of Proposition 5. &
The local structure around regular points of the foliation at the divisor is given by:
Proposition 6. Suppose that XAXk;t: If p0AGjð %XÞ; then we can find coordinates
ft; x1;y; xn1g on a neighborhood %U of p0; such that %Xj %U ¼ @@t and Dð1Þ- %U is given by
g1ð0Þ; where
gðpÞ ¼ ðtðpÞÞ j þ
Xj1
i¼1
xiðpÞðtðpÞÞi1:
Proposition 6 was proved independently by Percell [4] and Sotomayor [5] using the
Preparation Theorem of Malgrange–Mather.
Theorem 1 follows from Propositions 3–5 and Theorem 2 is immediate.
Remark 2. The behavior of the components Xj; kpjpk þ 2; will be enough to
assure that %X satisﬁes the t-condition and has all singularities hyperbolic.
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3. The set of tangencies at singular points of F
ð1Þ
X
The polar blow-up
pð1Þ : ðMð1Þ; Dð1ÞÞ-ðRn; 0Þ
gives rise to a 1-foliation F
ð1Þ
X ¼ pð1ÞFð0ÞX which is tangent to Dð1Þ along the
submanifold TXCDð1Þ:The submanifold TX contains the singular set of F
ð1Þ
X
denoted by singF
ð1Þ
X : Suppose that singF
ð1Þ
X ¼ fp1; p2;y; pmg: Then at each point
pj; j ¼ 1;y; m; we perform a blow-up obtaining a new manifold Mð2Þ and a
projection pð2Þ : Mð2Þ-Mð1Þ such that Dð2Þ ¼ pð2Þ1ðDð1ÞÞ is a submanifold with
corners that can be identiﬁed with Dð1ÞðSmj¼1 PjÞ; where Pj is the divisor obtained by
blowing up at the point pj; j ¼ 1;y; m: The foliation pð2ÞFð1ÞX is induced by the
vector ﬁeld %X; that leaves invariant each one of the Pj ’s and it is transverse to D
ð1Þ;
except along the submanifold pð2Þ1ðTX Þ:
Let us consider p ¼ pjADð1Þ a singular point of Fð1ÞX ; around p take a system of
coordinates ðx1;y; xnÞARn such that p ¼ ð0;y; 0Þ; the blow-up of pARn; pð2Þ :
Mð2Þ-Rn; Mð2ÞCMð2Þ is given in the ith system of coordinates of Mð2Þ by
pð2ÞðxðiÞ1 ;y; xðiÞn Þ ¼ ðx1;y; xnÞ; where xi ¼ xðiÞi and xl ¼ xðiÞl  xðiÞi for lai: The
divisor of pð2Þ is the set P ¼ ðxðiÞi ¼ 0Þ: The foliationFð1ÞX induces on a neighborhood
of P a one-dimensional foliation L ¼LX ¼ pð2ÞFð1ÞX : The restriction LjP is
determined only by the linear part ofF
ð1Þ
X at p: Suppose that the expression ofF
ð1Þ
X
near p is given by
’xl ¼ llxl þ higher order terms; l1ol2o?oln:
ThenL will have 2n singular points corresponding in pairs to the eigenvalues of the
linear part ofF
ð1Þ
X : We write p
þ
i ; p

i the singular points ofL induced by the positive
and negative i-axis, respectively. The expression of LjP in ðx
ðiÞ
1 ;y; xˆ
ðiÞ
i ;y; x
ðiÞ
n Þ-
coordinates around pþi and p

i is given by
’x
ðiÞ
l ¼ ðll  liÞxðiÞl ; lai; 1plpn;
where
p
þ

i ¼ fxðiÞl ¼ 0; for all l ¼ 1;y; ng:
In this way, it is an easy veriﬁcation to show thatLjP is a Morse–Smale vector ﬁeld
such that
dim W uLjP
ðpiÞ ¼ n  i and W uLjP ðpiÞsW
s
LjP
ðpiþ1Þaf:
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Here W uLjP
ðpiÞ ¼ W uLjP ðp
þ
i Þ,W uLjP ðp

i Þ: We consider the set
PðiÞ ¼ fðxðiÞ1 ; xðiÞ2 ;y; xˆ ðiÞi ;y; xðiÞn ÞARng; where xˆ ðiÞi ¼ 0; i ¼ 1;y; n
and deﬁne the subset of PðiÞ
PðiÞ*PðiÞþ ¼ fðxðiÞ1 ;y; xˆ ðiÞi ;y; xðiÞn ÞARn; xðiÞl X0; 1plpng:
Thus, it is the part of PðiÞ with positive coordinates. The subset PðiÞþ can be considered
as a simplex which admits a barycentric subdivision given by the simplices (Fig. 1)
Si ¼ ðxðiÞ1 ;y; xˆ ðiÞi ;y; xðiÞn ÞAPðiÞþ ; max
l¼1;y;n
x
ðiÞ
l p1
 
:
The boundary of Si can be written as
@Si ¼
[n
l ¼ 1
lai
Sil ;
where Sil ¼ fðxðiÞ1 ;y; xˆ ðiÞi ;y; xðiÞn ÞASi; xðiÞl ¼ 1g:
Clearly, Sil ¼ Sli for ial:
Lemma 1. The Sil are transverse to the orbits of L for any ial:
Proof. It is immediate, as by hypothesis LjP is linear around pþi and pi : &
Write DP ¼ Dð1Þ-P and TP ¼ TX-P: Then DP is a codimension one sphere of P;
obtained by blowing up a codimension one subspace of Rn: Similarly, TP is a
codimension two embedded sphere.
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Lemma 2. The submanifold DP can be continuously deformed, by means of the flow of
L; to a simplicial subcomplex DP
0 homeomorphic to DP; in such a way that
(1) DP
0 is a union of some faces of @Si; i ¼ 1;y; n:
(2) The set TP coincides with a subcomplex, lying in the intersection of some faces of
@Si; i ¼ 1;y; n:
Proof. We proceed by induction on n; it is enough to consider only one chart of the
blow-up; for instance the one given by xn ¼ xðnÞn ; xl ¼ xðnÞl  xðnÞn : For n ¼ 3; we write
qþ ¼ @S1-@S2-@S3: There are three possibilities according to the position of DP in
relation to the orbits ofL (see Fig. 2); only in one case TP-Pð3Þþ af (Fig. 2:(i)) and
this intersection can be taken as qþ; in the other cases (Fig. 2: (ii) and (iii)),
TP-Pð3Þþ ¼ f:
Clearly, we can deform DP to one of the @Si; i ¼ 1; 2; 3; transversely along the
orbits of L: More precisely, the set DP-@Pð3Þþ ¼ fa; bg is in the union of two edges
of @P
ð3Þ
þ ; in these same edges we can ﬁnd the points fa0; b0g; through which pass the
edges of a barycentric subdivision of P
ð3Þ
þ ; these barycentric edges S32; and S31 will
deﬁne DP
0; i.e., DP is deformed into S32,S31 along the ﬂow L: Suppose now that
the deformation can be carried out up to the ðn  3Þ-faces of a barycentric
subdivision of P
ðnÞ
þ ; then we proceed to extend the deformation to P
ðnÞ
þ :
We can assume without loss of generality that the barycenter of P
ðnÞ
þ ; qþ ¼Tn
i¼1 @Si belongs to DP and in case that TP-P
ðnÞ
þ af; then qþATP: By hypothesis of
induction, DP-@PðnÞþ can be deformed along the orbits of L to a simplicial
subcomplex of @P
ðnÞ
þ of dimension ðn  3Þ; such deformation can then be extended to
P
ðnÞ
þ by means of the barycentric subdivision based on qþ (Fig. 3). We deform DP
into DP
0 without moving the set TP i.e.,
TP ¼ DP-DP0 ) TPC
\
liAI
@Sli
 !
; IDf1;y; ng: &
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4. The proof of Theorem 3
Consider a vector ﬁeld YAXk which is close to X in the sense that Y ¼
Yk þ Ykþ1 þ Ykþ2 þy and YB is close to XB; BXk: We call %Y ¼ %YðnÞ the vector ﬁeld
induced from Y by the blow-up pð1Þ in the neighborhood Un: Fix singF
ð1Þ
X ¼
fp1;y; pmgCDð1Þ: There is a set of points qmþ1;y; qrADð1Þ and an open covering
V ¼ ðVlÞrl¼1*Mð1Þ; such that, plAVl; l ¼ 1;y; m; and for each l ¼ m þ
1;y; r; qlADð1Þ is a regular point of %X and Vl is a ﬂow box for %X centered at ql:
Consider now a partition of unity ðrlÞ subordinated toV; i.e., each rl : Vl-½0; 1
is a CN function such that
Pr
l¼1 rlðqÞ ¼ 1 for each qA
Sr
l¼1 Vl and suppðrlÞCVl:
We deﬁne the vector ﬁelds
%Xs ¼ %Y þ
Xs
l¼0
rl
 !
ð %X  %YÞ; r0 ¼ 0; 0pspr:
Then, we have %X0 ¼ %Y; %Xr ¼ %X and %Xs1 differs from %Xs only on the support of rs:
The equivalence between %Xs and %Xs1 on the open sets of the form Vl; l ¼
m þ 1;y; r; is proved following Section 5 in [4]. We proceed now to prove the
equivalence between %Xs and %Xs1 on the open sets Vl; l ¼ 1;y; m: Suppose that
p ¼ psADð1Þ is one of the singularities of Fð1ÞX : Let L ¼LX be the vector ﬁeld
obtained as pull back of F
ð1Þ
X by the blow-up at p: Assume that the eigenvalues of
F
ð1Þ
X at p are fl1;y; lng:
1st case: l1ol2o?olno0: Clearly LjP is completely determined by the linear
part of F
ð1Þ
X at p: Write p
þ
i (respectively, p

i Þ; i ¼ 1;y; n; to denote the singular
points of L corresponding to the positive (respectively, negative) i-direction at p;
(Fig. 4). It is clear that for any vector ﬁeld YAXk;t; Y ¼ Yk þ Ykþ1 þ Ykþ2 þ?;
such that YB is close enough to XB for B ¼ k; k þ 1; k þ 2;y; the foliationFð1ÞY has a
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singular point pYADð1Þ with eigenvalues liðYÞ; i ¼ 1;y; n; such that
Y-X ; F
ð1Þ
Y -F
ð1Þ
X ; pY-p and liðYÞ-li; i ¼ 1;y; n:
The blow-up ofF
ð1Þ
Y at pY is deﬁned by a vector ﬁeldLY : Suppose 0pe51 is ﬁxed
and Ne ¼ Sni¼1 Nei ; where Ne is a neighborhood of the divisor P and Nei are
neighborhoods of pþi ; p

i ; i ¼ 1;y; n: Let ðxiÞ be a partition of unity subordinated
to ðNei Þ; i.e., xi : Nei-½0; 1 and supp xiCN0iCNei
Pn
i¼1 xi ¼ 1:
Deﬁne
Zl ¼LX þ
Xl
i¼0
xi
 !
ðLY LX Þ; x0  0; 0plpn:
Then Z0 ¼LX and Zn ¼LY : Moreover, Zlþ1  Zl ¼ xlþ1ðLY LX Þ; thus,
suppðZlþ1  ZlÞCNelþ1: Therefore, it is enough to show that Zl and Zlþ1 are
topologically equivalent. For this we introduce the notion of invariant fibered
covering; recall that singL ¼ fpi ; pþi g; i ¼ 1;y; n: Suppose by hypothesis that
dim W sLðpiÞ ¼ i and dimðW uLðpiÞ-W sLðpiþ1ÞÞ ¼ 1; where pi denotes fpi ; pþi g for
each i: Then
W uLðpiÞsW sLðpiþ1Þ for each i ¼ 1;y; n:
The connection between pi and piþ1 is as in Fig. 4.
For each i ¼ 1;y; n and 0pe51; let us deﬁne the neighborhoods Nei ¼
fðxðiÞ1 ;y; xðiÞn Þ; maxl¼1;y;n jxðiÞl jp1þ eg: We denote Ne ¼
Sn
i¼1 N
e
i ; and for each i ¼
1;y; n deﬁne Bei ¼ W sLðpiÞ-Nei and Cei ¼ W uLðpiÞ-Nei : Clearly, N0i -P ¼ Si:
Proposition 7. For each i ¼ 1;y; n there are C1-fibrations pui : Nei-Bei and psi :
Nei-C
e
i such that
(1) pui 3LtðqÞ ¼Lt3pui ðqÞ; for every qANei and t40 such that LtðqÞANei :
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(2) psi 3LtðqÞ ¼Lt3psi ðqÞ for every qANei and to0 such that LtðqÞANei If we write
F ui ðbÞ ¼ ðpui Þ1ðbÞ for bABei and Fsi ðcÞ ¼ ðpsi Þ1ðcÞ for cACei : Then for any
i ¼ 1;y; n:
(3) F ui ðpiÞ ¼ W uLðpiÞ-Nei and Fsi ðpiÞ ¼ W sLðpiÞ-Nei :
(4) Given biþ1A@Beiþ1-@Nei such that biþ1AF ui ðbiÞ; biABei then F uiþ1ðbiþ1ÞCF ui ðbiÞ:
Similarly, for any ciA@Cei-@Neiþ1 such that ciAF siþ1ðciþ1Þ; ciþ1ACeiþ1; then
F si ðciÞCFsiþ1ðciþ1Þ:
Proof. We proceed by induction on i deﬁning ﬁrst the ﬁbration F ui ðbiÞ; biABei ; in a
similar way the ﬁbration Fsi ðbiÞ is deﬁned. For i ¼ 1 let us have
Fu1 ðþ1Þ ¼ fx ¼ ðxð1Þ1 ;y; xð1Þn ÞANe1; jxð1Þ1 j ¼ 1g:
Then for any b1ABe1 such that b1 ¼Ltðþ1Þ; t40; we deﬁne Fu1 ðb1Þ ¼
LtðFu1 ðþ1ÞÞ-Ne1: Finally, if b1 ¼ p1 we write Fu1 ðp1Þ ¼ W uLðp1Þ; so the proposition
is proved for the ﬁbrations Fu1 ðbÞ; bABe1: Suppose now by induction that we have
deﬁned ðF ui ðbiÞÞ satisfying (1)–(3) above. The intersection
N0i;iþ1 ¼ Nei-Neiþ1 ¼ fxANei ; jxðiÞiþ1j ¼ 1g ¼ fxANeiþ1; jxðiþ1Þiþ1 j ¼ 1g
is a subset of @B0iþ1  C0iþ1: Deﬁne B˜ei ¼ N0i;iþ1-Beiþ1: The map pui jB˜e
i
: B˜ei-B
e
i is a
diffeomorphism. For each biABei we call b˜iAB˜
e
i the point such that p
u
i ðb˜iÞ ¼ bi:
Writing F˜uiþ1ðb˜iÞ ¼ Fui ðbiÞ-N0i;iþ1 we obtain that fF˜uiþ1ðb˜iÞg is a ﬁbration over B˜ei :
This ﬁbration can be extended to a ﬁbration fF˜uiþ1ðb˜Þg over points b˜A@B0iþ1  C0iþ1:
Given any point biþ1ABiþ1\fpiþ1g there is a unique point b˜A@B0iþ1 and t40 such that
Ltðb˜Þ ¼ biþ1: Then we deﬁne Fuiþ1ðbiþ1Þ ¼Ltð %Fuiþ1ðb˜ÞÞ-Neiþ1: Finally, we write
Fuiþ1ðp1Þ ¼ Ceiþ1: It is clear from the construction that property (4) is now fulﬁlled.
Analogously, we can deﬁne the ﬁbration fF si ðbiÞg: &
The above proposition is also a deﬁnition of an invariant fibered covering for the
divisor P:
Now that we have deﬁned an invariant ﬁbered covering, the construction of the
equivalence between Zl and Zlþ1 follows the same line of arguments of [3]. First of
all we ﬁnd homeomorphism Zs; Zu : Ne-Ne such that
(a) ZsðF s;li ðcÞÞ ¼ F s;li ðcÞ and Zs ¼ 1 on Ne\W whereW ¼ fðZlÞtðN0i Þ; 0ptp1g;
(b) ZuðFu;li ðcÞÞ ¼ F u;li ðcÞ and Zu ¼ 1 on Ne\W;
(c) Zu  ZsðZlÞ1 ¼ ðZlþ1Þ1:
Thus, in order to show that ðZlþ1Þ1 is topologically equivalent to ðZlÞ1 it is enough
to prove that ZsðZlÞ1 is equivalent to ðZlÞ1 and ðZuÞ1  ðZlþ1Þ1 is equivalent to
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ðZlþ1Þ1 (the idea of the proof is given in Lemma 3, Section 5). This ﬁnishes the
1st case.
2nd case: l1ol2o?oln1o0oln: This case differs from the ﬁrst one only in the
last connection between the points pn1 and pn where the intersection
W uLðpn1Þ-W sLðpnÞ is not transversal. However, dim W uLðpnÞ ¼ 1 which will allow
to extend topological equivalences deﬁned on
Sn1
i¼1 N
e
i to@B
0
n  C0nCNen by using arc
length along orbits as a parameter. Now as was shown in [1, Lemma 1], there is a
Morse function fLX : N
e
n-R; fLX ðpnÞ ¼ 0; such that the level surfaces of fLX are
transverse to LX at any point of N
e
n\fpng; we can assume that @B0n  C0nCNen is a
level surface of fLX at level 1; thus, the level surfaces of fLX and the orbits of LX
form a system of coordinates; now the extension of h to N0n is obtained just
preserving these systems of coordinates, i.e., if qAN0n \C
0
n there is a unique choice of
xAf 1LX ð1Þ ¼ @B0n  C0N and 1pdp1 such that
q ¼ orbitðLX ðxÞÞ-f 1LX ðdÞ then hðpÞ ¼ orbitðLY ðhðxÞÞÞ-f 1LY ðdÞ:
If qAC0n there is d;  1pdp1 such that q ¼ f 1LX ðdÞ-C0n then we deﬁne hðqÞ ¼
f 1LY ðdÞ-C0n :
This ﬁnishes the 2nd case.
We can assume that the divisor Dð1Þ was deformed together with DP into Dð1Þ
0
;
where Dð1Þ
0
C
Sn
n¼1 N
0
i : As the homeomorphism h preserves N
0
i ; i ¼ 1;y; n;we have
hðDP0Þ ¼ DP0 and hðDð1Þ0 Þ ¼ Dð1Þ0 :We also have that TX ; TYCDð1Þ-Dð1Þ0 ; so
hðTX Þ ¼ TY : This ﬁnishes the proof of Theorem 3.
5. The proof of Lemma 3
The following lemma is essentially contained in [3].
Lemma 3. Let XAXNðMÞ be a Morse–Smale vector field and pAM a hyperbolic
singularity. Let pAUCM be a compact neighborhood endowed with C1 fibrations
ps : U-W uX ðpÞ-U ; pu : U-W sX ðpÞ-U such that if we denote F sX ðxÞ ¼
ðpsÞ1ðpsðxÞÞ and FuX ðxÞ ¼ ðpuÞ1ðpuðxÞÞ then each FsX ðxÞ; F uX ðxÞ are embedded disc
and the FsX ðxÞ; F uX ðxÞ are invariant by the flow Xt of X ; i.e.,
FsX ðXtðxÞÞ*XtðFsX ðxÞÞ-U and similarly for the FuX ðxÞ: We can extend these
fibrations to the set
S
tAR XtðUÞ over W sX ðpÞ and W uX ðpÞ (Fig. 5)
Proof. Suppose now that Y is close to X and supp YtXtðUÞCU : Deﬁne the
homeomorphism Zs : M-M as ZsðxÞ ¼ F sX ðxÞ-YtFuY ðXtðxÞÞ if xAU,XtðUÞ and
ZuðxÞ ¼ FuY ðxÞ-YtFsX ðXtðxÞÞ: Since %V ¼ supp YtXtðUÞCU we have Xt ¼ Yt and
Xt ¼ Yt on M\W ; W ¼ V,XtðVÞ: Thus, Zs; Zu ¼ 1 on U\W and they can be
extended as 1 to M\U : Moreover, ZuZsðXtðxÞÞ ¼ YtðxÞ on U : In order to ﬁnd a
topological equivalence between Xt and Yt ¼ Zu Zs Xt; it is enough to prove that
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Zs Xt and Xt are topologically equivalent. We proceed to show that Zs Xt leaves
invariant two transverse ﬁbrations: the ﬁbration ðF sX ðxÞÞ (obvious) and the ﬁbration
ðFuY ðxÞÞ (Fig. 6). Indeed
FuY ðZsXtðxÞÞ ¼F uY ððZuÞ1 YtðxÞÞ
¼F uY ðYtðxÞÞ ¼ ðZuÞ1 F uY ðYtðxÞÞ
¼ ðZuÞ1 Yt FuY ðxÞ ¼ Zs Xt F uY ðxÞ:
We deﬁne h : W sX ðpÞ-W sY ðpÞ; preserving the ﬁbration ðF uY ðxÞÞ; such that h ¼ 1
on W sX ðpÞ-@U and hðxÞ ¼ Yt XtðxÞ for xA@XtðUÞ-W sX ðpÞ; h is then extended to
W sX ðpÞ-ðU\XtðUÞÞ and then by conjugacy to all W sX ðpÞ: Similarly, h :
W uX ðpÞ-W uY ðpÞ is deﬁned preserving the ﬁbration ðFsX ðxÞÞ: Then h is extended to
,XtðUÞ by
hðxÞ ¼ hðF sX ðxuÞ-FuY ðxsÞÞ ¼ FsX ðhxuÞ,F uY ðhxsÞ where x ¼ ðxs; xuÞ:
The conjugacy between ðZuÞ1 Yt and Yt follows the same arguments. &
ARTICLE IN PRESS
Fig. 5.
Fig. 6.
M. Izabel Camacho / J. Differential Equations 193 (2003) 261–279278
References
[1] M.I. Camacho, A contribution to the topological classiﬁcation of homogeneous vector ﬁelds in R3;
J. Differential Equations 37 (2) (1985) 159–171.
[2] M.I. Camacho, On the local structure of real vector ﬁelds at a dicritical singularity, J. Differential
Equations 152 (1999) 256–273.
[3] J. Palis, S. Smale, Structural Stability Theorems Global Analysis. Vol. XIV, American Mathematical
Society, Providence, RI, 1970 223–231.
[4] P. Percell, Structural stability on manifolds with boundary, Topology 12 (1973) 123–144.
[5] J. Sotomayor, Structural stability on manifolds with boundary, in: International Atomic Energy
Agency (Ed.), Global Analysis and its Applications, Vol. III, IAEA-SMR, Vienna, 1974, pp. 167–176.
ARTICLE IN PRESS
M. Izabel Camacho / J. Differential Equations 193 (2003) 261–279 279
